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In this paper, the maximal operator associated with multilinear Calderón–Zygmund
singular integral operators will be studied by using an improved Coltlar’s inequality.
Moreover, weighted norm inequalities and some estimates on weighted Hardy spaces are
obtained for this maximal operator.
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1. Introduction
The study of multilinear singular integral operators of Calderón–Zygmund type continues to attract many researchers’
interests, such as [5,10,7,11,2,1,13]. Many results obtained parallel to the linear theory of classical Calderón–Zygmund oper-
ators but new interesting phenomena have been observed. See also [9] and the references therein for a detailed description
of previous work in the subject.
One aspect of the theory that still is being developed is the one related to the study of maximal operators associated
to multilinear singular integrals and appropriate versions of multilinear weighted norm inequalities. So we ﬁrst recall the
deﬁnition of multilinear Calderón–Zygmund operators as well as the corresponding maximal operators.
Deﬁnition 1.1 (Multilinear Calderón–Zygmund operators). Let T be a multilinear operator initially deﬁned on the m-fold prod-
uct of Schwartz spaces and taking values in the space of tempered distributions
T :S (Rn)× · · · ×S (Rn)−→S ′(Rn).
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W. Li et al. / J. Math. Anal. Appl. 373 (2011) 384–392 385Following [5], we say that T is an m-linear Calderón–Zygmund operator if, for some 1 q j < ∞, it extends to a bounded
multilinear operator from Lq1 × · · · × Lqm to Lq , where 1q = 1q1 + · · · + 1qm , and if there exists a function K , deﬁned off the
diagonal x = y1 = · · · = ym in (Rn)m+1, satisfying
T ( f1, . . . , fm)(x) =
∫
(Rn)m
K (x, y1, . . . , ym) f1(y1) · · · fm(ym)dy1 · · ·dym
for all x /∈⋂mj=1 supp f j;
∣∣K (y0, y1, . . . , ym)∣∣ A
(
∑m
k,l=0 |yk − yl|)mn
; (1.1)
and





k,l=0 |yk − yl|)mn+ε
, (1.2)
for some ε > 0 and all 0 j m, whenever |y j − y′j | 12 max0km |y j − yk|.
As in the linear theory, a certain amount of extra smoothness is required for these operators to have such boundedness
properties. We will assume that K (y0, y1, . . . , ym) satisﬁes the following estimates∣∣∂α0y0 · · · ∂αmym K (y0, y1, . . . , ym)∣∣ Aα(∑mk,l=0 |yk − yl|)mn+|α| , (1.3)
for all |α| N , where α = (α0, . . . ,αm) is an ordered set of m-tuples of nonnegative integers, |α| = |α0| + · · · + |αm|, where
|α j| is the order of each multiindex α j , and N is a large integer to be determined later.
In this article we study maximal multilinear singular integral operator deﬁned by
T∗(f )(x) = sup
δ>0
∣∣Tδ( f1, . . . , fm)(x)∣∣,
where Tδ are the smooth truncations of T given by
Tδ( f1, . . . , fm)(x) =
∫
(Rn)m
Kδ(x, y1, . . . , ym) f1(y1) · · · fm(ym)dy.
Here, dy = dy1 · · ·dym , Kδ(x, y1, . . . , ym) = φ(
√|x− y1|2 + · · · + |x− ym|2/2δ)K (x, y1, . . . , ym) and φ(x) is a smooth func-
tion on Rn , which vanishes if |x| 1/4 and is equal to 1 if |x| > 1/2.
In [8], the authors studied the following operator T˜∗ given by




K (x, y1, . . . , ym) f1(y1) · · · fm(ym)dy.
Throughout this paper we will let W be the norm of T in the mapping T : L1 × · · · × L1 → L1/m,∞ . We list some results for
T˜∗ and T∗ as follows:
Theorem A. (See [8].) Let T be an m-linear Calderón–Zygmund operator. Then, for all η > 0, there exists a constant Cη =









where M denotes the Hardy–Littlewood maximal function with respect to balls on Rn.
Corollary B. (See [8].) Let T be an m-linear Calderón–Zygmund operator. Then, for all exponent 1 < qi ∞, q < ∞, and q satisfying
1
q = 1q1 + · · · + 1qm , we have
∥∥T˜∗(f )(x)∥∥Lq  C(A + W )
m∏
i=1
‖ f i‖Lqi .
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Calderón–Zygmund operator. Then there exists a constant Cq,n < ∞ for all f = ( f1, . . . , fm) satisfying
∥∥T˜∗(f )∥∥Lqω  Cn,q(A + W )
m∏
i=1
‖ f i‖Lqiω .
Theorem D. (See [6].) Let 1< q1, . . . ,qm,q < ∞ be ﬁxed indices satisfying
1
q1




and let 0< p1, . . . , pm, p  1 be real numbers satisfying
1
p1





Suppose that K satisﬁes (1.3) with N = [n(1/p − 1)]. Let T be related to K and assume that T admits an extension that maps
Lq1 × · · · × Lqm into Lq with norm B. Then T∗ extends to a bounded operator from Hp1 × · · · × Hpm into Lp, and satisﬁes the norm
estimate ‖T∗‖Hp1×···×Hpm→Lp  C(A + B) for some constant C = C(n, pi,qi).
Recently, the theory of weighted multilinear Calderón–Zygmund singular integral operators was established in [11] by
Lerner, Ombrosi, Pérez, Torres, Trujillo-González and the multiple weights A p were constructed. This together with the re-
sults for multiple weights A(p,q) adapted to multilinear fractional integral operators [1,13] answered an open problem in [9].
That is, the existence of multiple weights theory for multilinear Calderón–Zygmund operators and multilinear fractional in-
tegral operators. Meanwhile, a new more reﬁned multiple maximal functionM










was used in [11] to characterize the class of A p and to obtain some weighted estimates for the multilinear Calderón–
Zygmund singular integral operators. So let us recall the deﬁnition of A p weights.
For m-exponents p1, . . . , pm , we will often write p for the number given by 1p = 1p1 + · · · + 1pm , and p for the vectorp = (p1, . . . , pm).






































p′i is understood as (infQ ω j)−1.
In particular, when m = 1, we note that A p will be degenerated to the classical Ap weight. Moreover, if m = 1 and
pi = 1, then this class of weights coincides with the classical A1 weights. It is well known that if ω ∈ Ap for 1 < p < ∞,
then ω ∈ Ar for all r > p and ω ∈ Aq for some 1< q < p. We thus use qω := inf{q > 1: ω ∈ Aq} to denote the critical index
of ω. We will refer to (1.5) as the multilinear A p condition.
We list some results in [11] as follows:
Theorem E. (See [11].) Let ω = (ω1, . . . ,ωm) and 1 pi < ∞. Then ω ∈ A p if and only if{
ω
1−pi ′
i ∈ Ampi ′ i = 1, . . . ,m,
ν ω ∈ Amp
where the condition ω1−pi
′
i ∈ Ampi ′ in the case pi = 1 is understood as ω1/m ∈ A1 .
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∥∥M(f )(x)∥∥Lpν ω  C
m∏
i=1
‖ f i‖Lpiωi . (1.6)
Theorem G. (See [11].) Let T be an m-linear Calderón–Zygmund operator, satisfying (1.1), (1.2), 1p = 1p1 + · · · + 1pm , ω satisfy the A p
condition, and 1< pi < ∞. Then
∥∥T (f )(x)∥∥Lpν ω  C
m∏
i=1
‖ f i‖Lpiωi . (1.7)
On the other hand, in 1989, Strömberg and Torchinsky in [14] deﬁned weighted Hardy spaces and obtained some bound-
edness for Calderón–Zygmund operators.
We will use Garcia-Cuerva’s atomic decomposition theory [3] for weighted Hardy spaces. We characterize weighted
Hardy spaces in terms of atoms in the following way.
Deﬁnition 1.3 (Weighted Hardy spaces). Assume that ω ∈ Aq with critical index qω . Let [·] be the greatest integer function.
For s ∈ Z satisfying s  [n(qω/p − 1)], a real-valued function a(x) is called (p,q, s)-atom centered at x0 with respect to ω
(or ω − (p,q, s)-atom centered at x0) if
(a) a ∈ Lqω(Rn) and is supported in a cube Q centered at x0,
(b) ‖a‖Lqω ω(Q )
1




a(x)xα dx = 0 for every multi-index α with |α| s.
When q = ∞, L∞ω will be taken to mean L∞ and ‖ f ‖L∞ω = ‖ f ‖∞ .
Theorem H. (See [3].) Let w ∈ Aq, 0 < p  1  q  ∞, and p = q. For each f ∈ Hpω(Rn), there exist a sequence ai of
ω − (p,q, [n(qw/p) − 1])-atoms and a sequence λi of real numbers with ∑ |λi|p  C‖ f ‖pHpω such that f = ∑λiai both in the
sense of distributions and in the Hpω norm.
At present, combining the above, we have obtained the boundedness of multilinear Calderón–Zygmund operators on
weighted Hardy spaces in [12], so it is natural to ask the following interesting question. Are there any weighted results for
maximal operators for multilinear singular integral operators on weighted Hardy spaces? Our result is as follows:
Theorem 1.1. Let 1< q1, . . . ,qm,q < ∞, 0< p1, . . . , pm, p  1, satisfying
1
q1












Let T be an m-linear Calderón–Zygmund operators such that K satisﬁes (1.1), (1.2), (1.3) with N = max1im{[n((qi)ω/pi −
1)], [(qi/pi − 1)mn]}. We have the following results:
(i) If ω ∈ Aq1 ∩ · · · ∩ Aqm , then
∥∥T∗(f )(x)∥∥Lpω  C
m∏
i=1
‖ f i‖Hpiω . (1.8)
(ii) If for each i, ωi ∈ A1 , then
∥∥T∗(f )(x)∥∥Lpν ω  C
m∏
i=1
‖ f i‖Hpiωi . (1.9)
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We will use the following facts as in [12]:
(a) Let q 1 and ω ∈ Aq . Suppose a is an ω-(p,∞, s)-atom. Then a is an ω-(p,q, s)-atom.
(b) Let ω ∈ Ap , p  1, then for any cube Q and λ > 1, ω(λQ ) Cλnpω(Q ), where C does not dependent on Q nor on λ
(see [4] for details).
We now turn our attention to Theorem 1.1.
We prove this theorem using the atomic decomposition of Hpω spaces. Since ﬁnite sums of atoms are dense in H
p
ω , we
will work with such sums and obtain estimates independent of the number of terms in each sum.
Since T∗ is bounded from L2m × · · · × L2m into L2 by Lemma 2.2 below when wi = 1, we can assume each f i , 1 i m,
as a ﬁnite sum of Hpiω -atoms, f i =
∑
k λi,kai,k , where ai,k are (pi,∞, s)-atom, this means they are supported in cubes Q i,k




− 1pi , (2.1)∫
Q i,k
ai,k(x)x
α dx = 0, |α| s, s [n((qi)ω/pi − 1)]. (2.2)
Denote by ci,k and |Q i,k| the center and the side length of Q i,k , and let Q˜ i,k = 8√nQ i,k , employing multilinearity we
write






λ1,k1 · · ·λm,km T∗(a1,k1 , . . . ,am,km )(x). (2.3)







|λ1,k1 | · · · |λm,km |








|λ1,k1 | · · · |λm,km |
∣∣T∗(a1,k1 , . . . ,am,km )(x)∣∣χQ˜ c1,k1∪···∪Q˜ cm,km .
Now, let us begin to discuss I1(x). For ﬁxed k1, . . . ,km , assume that Q˜ 1,k1 ∩ · · · ∩ Q˜m,km = ∅, otherwise, there is nothing
need to be proved.
Suppose that Q i∗,ki∗ , i
∗ ∈ 1,2, . . . ,m, has the smallest size among all these cubes. We take a cube Gk1,...,km such that
Q˜ 1,k1 ∩ · · · ∩ Q˜m,km ⊂ Gk1,...,km ⊂ G˜k1,...,km ⊂ ˜˜Q 1,k1 ∩ · · · ∩ ˜˜Q m,km
and
ω(Gk1,...,km) Cω(Q i∗,ki∗ ).




































− 1pi . (∗)i=1
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Lemma 2.1. Let 0 < p  1. Then there is a constant C = C(p) such that for all ﬁnite collections of cubes {Qk}mk=1 in Rn and all



















































































Secondly, we consider the estimate of I2(x).
Let A be a nonempty subset of {1, . . . ,m}, and we denote the cardinality of A by |A|, then 1  |A|  m. Let Ac =



























We set E A = (⋂i∈A Q˜ ci,ki ) ∩ (⋂i∈Ac Q˜ i,ki ). For ﬁxed A, we assume that the side length of the cube Q i∗,ki∗ , i∗ ∈ A, is the
smallest among the side lengths of the cube Q i,ki , i ∈ A. Let P Nci∗,ki∗ (x, y1, . . . , ym) be the Nth order Taylor polynomial of
K (x, y1, . . . , ym) about the variable yi∗ at the ci∗,ki∗ .
Since ai∗,ki∗ has zero vanishing moments up to N , and observe that the kernels Kδ satisfy (1.3) uniformly in δ > 0.
By (1.3) we get

























∣∣ai∗,ki∗ (yi∗)∣∣|yi∗ − ci∗,ki∗ |N+1
(






where ξ is between yi∗ and ci∗,k ∗ .i










In conclusion, summing the estimates (2.5) for I1 and (2.6) for I2, we can take limit and obtain
∥∥T∗(f )(x)∥∥Lpω  C
m∏
i=1
‖ f i‖Hpiωi .
We complete the proof of Theorem 1.1 for case (i).
Now we turn to prove case (ii). Procedure is similar as in proof of case (i), we only show the differences.
To prove I1(x), we must introduce another lemma about weighted norm inequality with multiple weights for maximal
operators.
Lemma 2.2. Let T be an m-linear Calderón–Zygmund operator, satisfying (1.1), (1.2), 1p = 1p1 + · · · + 1pm , and ω satisfy the A p
condition, and 1< pi < ∞. Then
∥∥T∗(f )(x)∥∥Lpν ω  C
m∏
i=1
‖ f i‖Lpiωi . (2.7)
We will postpone its proof until the last section.





∣∣T∗(a1,k1 , . . . ,am,km )(x)∣∣ν ω(x)dx









By Lemma 2.1, then



































3. Proof of Lemma 2.2
In order to prove Lemma 2.2, we must give an improved multiple Coltlar’s inequality associated to Theorem A. For









Now, we prove (3.1) ﬁrstly. We will denote by Sδ(x) the cube {y: sup1 jm |x− y j| δ}, and denote Uδ = {y ∈ S2δ}.





Kδ(x, y1, . . . , ym) f1(y1) · · · fm(ym)dy
∣∣∣∣ C AM(f )(x).Uδ
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T¯∗(f )(x) = sup
δ>0
∣∣T¯δ( f1, . . . , fm)(x)∣∣, (3.2)
where
T¯δ( f1, . . . , fm)(x) =
∫
y /∈Sδ(x)
Kδ(x, y1, . . . , ym) f1(y1) · · · fm(ym)dy. (3.3)
Fix δ > 0 and let B(x, δ) be the ball of center x and radius δ. Since T is an m-linear Calderón–Zygmund operator, T (f ) is in
Lpω and hence it is ﬁnite almost everywhere. For z ∈ B(x, δ/2
√
m) and y /∈ Sδ(x), we get(|z − y1|2 + · · · + |z − ym|2)1/2  (|x− y1|2 + · · · + |x− ym|2)1/2 − √m|x− z| > 2δ − δ = δ.
Hence,
T¯δ(f )(z) = T (f )(z) − T ( f0)(z), (3.4)
where f0 = ( f1χB(0,2δ), . . . , fmχB(0,2δ)).
By (1.2), we obtain
∣∣T¯δ(f )(x) − T¯δ(f )(z)∣∣
∫
y /∈Sδ(x)
A|x− z|ε∏mj=1 | f j(y j)|
(|x− y1| + · · · + |x− ym|)mn+ε dy = I.
Now, the right side of the above inequality can be rewritten as a sum of integral for some { j1, . . . , jm}  {1, . . . ,m} so that
for y we have |x − y j | δ if and only if j ∈ { j1, . . . , jl}. We denote the set for y satisfying |x − y j| δ by Q . Then l <m




A|x− z|ε∏mj=1 | f j(y j)|






| f j|dy j
∫
(Rn\Q )m−l
|x− z|ε∏ j /∈{ j1,..., jl} | f j|dy j














j /∈{ j1,..., jl}










| f j|dy j
 C AM(f )(x).
In [8], we can still modify the last inequality easily. Other part is the same as in [8].
Now, we begin to prove Lemma 2.2.
If ω ∈ A p , then by Theorem E, we have ν ω ∈ Amp . If we choose η < 1m , mp < pη , then ν ω ∈ A pη . Employing Theorem F and
Theorem G, we get∥∥T∗(f )∥∥Lpν ω  Cη


















 Cη(A + W )
m∏
i=1
∥∥ f i(x)∥∥Lpiωi .
Therefore, we complete the proof of Lemma 2.2.
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